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1. Introduction: motivation to study p-adic strings

MANY REASONS TO STUDY p-ADIC STRINGS:

@ p-adic strings have p-adic valued world sheet

@ p-adic strings are related to ordinary strings

@ p-adic strings are simpler than ordinary strings

@ p-adic strings have exact Lagrangian

@ p-adic strings have nonlinear and nonlocal dynamics

@ p-adic strings have a non-Archimedean (ultrametric)
structure
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1. Introduction

@ | will give a brief review of basic properties of p-adic
strings.

@ | will consider a model with possible p-adic matter in FLRW
universe with Einstein-Hilbert action.

@ Some aspects of p-adic strings sector will be presented as
zeta strings.
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2. p-Adic Strings

Volovich, Vladimirov, Freund, Witten, Arefeva, B.D., ...
String amplitudes:
@ standard crossing symmetric Veneziano amplitude

As(ab) = 2 / XJ2 [ = x| doox
R

L2 -2 1= -9
@ (b)) o)

@ p-adic crossing symmetric Veneziano amplitude

A(a.b) = g2 /@ |2 1 - x[5= dpx
/o)

_ 21_pa711_pb—11_pc—1
P1_p—a 1_p—b 1—p¢

where a=-s/2—1and a,b,ce Canda+b+c=1.

Tokyo2021 B. Dragovich On nonlocality 5/34



2. p-Adic Strings

@ Freund-Witten product formula for adelic strings

A(a,b) = A(a,b) [ [ Av(a, b) = 9% [] g5 = const.
3 p
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3. Effective Field Theory for p-Adic Strings

@ One of the greatest achievements in p-adic string theory is
an effective field description of scalar open and closed
p-adic strings. The corresponding Lagrangians are very
simple and exact. They describe not only four-point
scattering amplitudes but also all higher (Koba-Nielsen)
ones at the tree-level.

@ The exact tree-level Lagrangian for effective scalar field ¢
which describes open p-adic string tachyon is

D 2 =

m p 1 >
Lp=—F — S0P PPt Pt
PT g p-il 2¥P YT i ® )

where p is any prime number, 0 = —9? + V? is the
D-dimensional d’Alembertian and metric with signature
(— + ...+) (Freund, Witten, Frampton, Okada, ...) .
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3. Effective Field Theory for p-Adic Strings

The above Lagrangian is written completely in terms of real
numbers and there is no explicit dependence on the world
sheet. However, it can be rewritten as:

mP p? i // N "
= — u)|ulg™ du ) @(k) x(kx) d*k
P~ 5727 J (oI o) 2(k) (k)
p+1
+ =79,

where y(kx) = e 2" is the real additive character. Since

Jo, xp(u)|ul*~"du = 11__‘,’,5:51 = Ip(s) and it is present in the

W2
scattering amplitude, one can say that pr\Zp ><,o(u)|u],§’"2 duis
related to the p-adic string world-sheet.
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3. Effective Field Theory for p-Adic Strings

R/]\\ 5 j
Figure: The 2-adic string potential V() (on the left) and 3-adic
potential V3() (on the right)

Potential

mp 1 p? PP
—_P|_ 2 _ p+1
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3. Effective Field Theory for p-Adic Strings

@ The equation of motion is

_ 0

p R o=¢P =0 0=1 (p=-1,p#2) j
92 B2 1 571‘2
eAte :me1_4’45, 1—4AB>0

There are also nontrivial solutions:.

A __p-1 in2
p(x') = peD eXp< 2m2p|np(x) )
p—1 m2t2>

1
p(t) = pTo-T exp (2p|np

D—1
. p-1 5 » 2 2 2
— p2p-1) S - _ 2
o(x) = p2e exp( 2p|npmx)’ X t+iz1:x,
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3. Effective Field Theory for p-Adic Strings

@ Prime number p can be replaced by natural number n > 2
and such expression also makes sense. Moreover, when
p =1+ ¢ — 1 thereis the limit which is related to the
ordinary bosonic string in the boundary string field theory

(Gerasimov-Shatashvili):

- mP1 O 2
T2 27 ¢ #t g (ngf = 1)] ’

@ From these and many other developments it follows that
some nontrivial features of ordinary strings are similar to
p-adic ones and are related to the p-adic effective action.
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4. Possible p-Adic Matter

To avoid tachyon, consider transition m> - —m?inD = 4
dimensions. Also change sign to lagrangian to avoid ghost.
Then the related new Lagrangian is
4 2
9° p—1

with the corresponding potential

~ )

B =

2

D 1 2
Vo(@) = (-1) 55 [52= 6f - = o7t].

9% l2p—1 o
and equation of motion

pr? gp = f )
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4. Possible p-Adic Matter

A V3
1.5
1
] ]
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Figure: New potentials V»(¢) and V3(¢), which are related to new
Lagrangian.

Trivial solutions

i o=, 6=0,6=1, (9=-1, p#2) )
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4. Possible p-Adic Matter

Consider field ¢ around minimum ¢ = 1 + 6. Then EOM for
weak field 6, i.e 6, < 1, becomes

] O
pzm (1+60p) =(1+6p)P, = p?o,=pbp

Explore dynamics of 6,(t) in FLRW metric with constant Hubble
parameter. Let corresponding KG equation is
06, = 2m6 0= & _ 3HY H = const (3)
2 - - or ot’ B '
Suppose a solution in the form 6,(t) = Ce*. Then the above
KG equation has solution 6,(t) = Ce~™ with H = m, that is
when scale factor is a(t) = Ae™. One can easily check that

Op(t) = Ce~™ satisfies EOM p% 0p = P bp.
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4. Possible p-Adic Matter

Suppose a(t) = Ae™ is scale factor for closed universe (k=+1) of the
gravity model with nonlocal scalar field 6,. The corresponding action

and EOM are (y = 55 and o = —’g"—;pp_z1 ):

1 4
S= 7/«/7—g d4x(R—2/\)+o-p/«ﬁ—g d*x (—Eop paret 9p+‘2’ 93)

g o
WGiw + NGu) + =2 [ v Op02 Oy — Gy P 02 — Qw(ep)] —0,

p% 0p = p Op.

[e'S) n—1
QulBp) =D 1Y |G (VD870 40 + O'6,0"*0p)
n=1 (=0

—2V, 0"V, 0", .
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4. Possible p-Adic Matter

Now we have

o
V(G;w + Ag,ul/) _ Zp Q#V(OP) = 0 J

Two linearly independent equations:

7(4/\—R)—%plnp02 ~0,

S g2 _ )+3—plnp02—0

e
V(Bm” + 2c2’p 8

where R = 12m? + 22502
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4. Possible p-Adic Matter

Finally
Op(t) = Ce™™,  a(t) = Ae™,  k=+1 ]
for
1 m* p3
_ 2 — _
AN=3m", 22C2 27rngp_1Inp. J
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5. Lagrangians for p-Adic String Sector

Recall
@ scattering amplitude for a p-adic string

1 _pa—1 1 _pb—1 1 _pc—1
2
Ap(a,b,¢) = gp - —pai-pbi-peo

mD 2 1 _ o
_ P p _ 2m2

o 90p+1}

@ scattering amplitude for p-adic string sector

e @ <) (o)
l;IAp(a,b,C)—I;[gp cA—a)c(1-b)c(1—c) l

Lagrangian for p-adic sector = ? \
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5. Lagrangians for p-Adic String Sector

This Lagrangian should contain the Riemann zeta function.

Recall definition of the Riemann zeta function:

1 1 .

n>1 P

Two approaches: multiplicative and additive.
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5. Lagrangians for p-Adic String Sector:

multiplicative approach

Approach, which is based on a multiplication of some parts of
p-adic Lagrangian. Riemann zeta function emerges through its
product form. Our starting point is p-adic Lagrangian

D 2 o
m 1 1
_ e P 2m§ p+1
= = = aF
PR p p¥P YT aY }

with m3 = m? for every p.
It is useful to rewrite Lagrangian in the form

o i lell- ) (1)

(=)

p:
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5. Lagrangians for p-Adic String Sector:

multiplicative approach

c=mP]]c,
P

Hgg:Ca H%? H(‘I_p_%—‘ﬂ)a
P p 1-p

)

[T -p ), [J(1-¢"")

p p
Recall that the Riemann zeta function is defined as

1 1 .

n>1 P
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5. Lagrangians for p-Adic String Sector:

multiplicative approach

New Lagrangian becomes

=" @ {So[1/e(o —1) + 1/¢(5s)] ¢ - 2606}

with G(¢) = AC],(1 — ¢P~ 1), where AC denotes analytic
continuation of infinite product [T,(1 — ¢~ "), which is
convergent if |¢| < 1. One can easily see that G(0) = 1 and
G(1)=G(-1)=0.
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5. Lagrangians for p-Adic String Sector

It is worth noting two interesting possibilities for the coupling
constant gp: (1) gf, = pf—:, what yields ¢(2)/C =1, and (2)
9p = |r|p, where r may be any non zero rational number and it
gives |r| [, |r[p = 1. Both these possibilities are consistent
with adelic product formula. For simplicity, in the sequel we
shall take C = ((2).
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5. Lagrangians for p-Adic String Sector:

multiplicative approach

The corresponding equation of motion is

[1/¢(50z — 1) +1/6(52)] 6 = 26 G(9) + 2 G'(9)

and has ¢ = 0 as a trivial solution. In the weak-field
approximation (¢(x) < 1), equation becomes

165 = 1) + 1< () 0 - 22 |

g(%) can be regarded as a pseudodifferential operator

1/¢(35) 900 = 5 . (- ) k) ok
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5. Lagrangians for p-Adic String Sector:

multiplicative approach

Mass spectrum of M? is determined by solutions of equation

1/<(gaz 1) + 1o(z7) =2

There are infinitely many tachyon solutions, which are below
the largest one M? ~ —3.5mP.
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5. Lagrangians for p-Adic String Sector:

multiplicative approach

The potential follows from —£ at 0 =0, i.e.

V(¢) = m°[7 + G(¢)] #* ]

since ¢((—1) = —1/12 and ¢(0) = —1/2. This potential has local
minimum V(0) = 0 and values V(+1) = 7 mP. To explore
behavior of V(¢) for all ¢ € R one has first to investigate
properties of the function G(¢).
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5. Lagrangians for p-Adic String Sector: additive

approach

It is worth noting that a Lagrangian similar to the above one can
be obtained by an additive approach. Namely,

+00 +oo
= Z CnLp= IZDQS [Zﬂ(n) n7%+1
n=1 n=1

400 T +00
+ > uln) iz | ¢ — mP Y u(n) o™
n=1 n=1

where g—é’n”—: = Dp=—pn(n+1), n=1,2,...and pu(n) is the
Mobius function:
0, n=p?m
p(n)=< (=1 n=pipz---px, Pi £ pj (4)
1, n=1, (k=0)
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5. Lagrangians for p-Adic String Sector: additive

approach

Introducing zeta function by

1 > u(n)
Ci Z ns I

n=1

one can rewrite Lagrangian in the form

L=mP{2 o [1/c(5mg — 1)+ 1/(5mg)] 6 — & F(9)) l

where F() = AC Y155 u(n) "',
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5. Lagrangians for p-Adic String Sector: additive

approach

The difference between Lagrangians £ (multiplicative
approach) and L (additive approach) is only in functions G(¢)
and F(¢). Since

J)

GO)=J[(1 - ") =1-9¢- P+ —¢* +..

and

Zu nNe" ' =1-¢—¢*—¢*+..

it follows that these functions have the same behavior for
|¢| < 1. Hence, in weak-field approximation these Lagrangians
describe the same scalar field theory.
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5. Lagrangians for p-Adic String Sector: additive

approach

Another example is based on

+o0o
Z(—1)”‘1%:(1—21‘3)§(s), Ss=o+ir, oc>0

n=1

which has analytic continuation to the entire complex s plane
without singularities. The corresponding Lagrangian is

L[ (12 B vo- st 7]

Tokyo2021 B. Dragovich On nonlocality 30/34



5. Lagrangians for p-Adic String Sector: additive

approach

The potential is

Vg) = —LO=0)=m? [ — g+ glog(1 + 97, |

which has one local maximum V(0) = 0 and one local
minimum at ¢ = 1. Itis singularat ¢ = —1,i.e. V(-1) = —o0,
and V(+oo) = +oo. The equation of motion is

(1-2"%)¢(gm2)o = 75 |

which has two trivial solutions: ¢ =0 and ¢ = 1.
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6. Concluding Remarks

@ p-Adic strings are nonlocal, nonlinear and
non-Archimedean objects, which are in many ways related
to ordinary strings.

@ There is an example of p-adic matter.

@ Constructed new Lagrangians for p-adic strings sector
contain Riemann zeta function nonlocality.

@ There is a sense to continue with developments of p-adic
and zeta strings, as well as p-adic matter.
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